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Detecting Nonergodicity in
Continuous-Time Spin Systems

Paolo Dai Pra'

Received November 8, 1993

We develop an empirical test aimed at detecting nonergodicity from a single
sample of a spin system. We show that the test is asymptotically correct, and we
give explicit asymptotics for the error probability. The key tool consists in some
new large-deviation estimates.
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1. INTRODUCTION

In this paper we analyze some aspects of the behavior of stochastic systems
that are comprised of a large number of particles. The structure of the
processes we consider becomes particularly rich in the limit of infinitely
many particles (thermodynamic limit); some of these systems, for instance,
may lose ergodicity after having performed the thermodynamic limit, ie.,
the limit process may have more than one invariant measure. It is well
known that the knowledge of the nonergodicity of a system in its infinite-
particle limit may also help to understand relevant features of finite (but
large) systems, such as metastability.'!:?)

In general, if we are given an infinite-particle stochastic system, it is
quite hard to establish its ergodic properties by knowing only the equation
of the dynamics. For the spin systems we deal with in this paper there are
conditions (indeed quite severe) that guarantee ergodicity,'® but non-
ergodicity can be proved only for a few special models. The approach we
propose here consists in detecting nonergodicity via an empirical test. We
assume we can observe a finite but large portion of the system for a large
amount of time; we then test the unique realization we have observed, and
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decide whether the system is ergodic or not. We also get asymptotics for
the probability that the test gives the wrong answer.

Before giving a more accurate description of the model and of the test,
we remark that both the test we present and the method to justify it are
not new. They were introduced by Comets” as a way to detect phase
transitions in Gibbs fields with short-range interaction. Our contribution in
this paper mainly consists in showing that Comets’ ideas can be applied to
the setting of continuous-time spin systems. We have to use the machinery
of space-time large deviations developed in ref. 4 and 5, but this turns out
not to be enough. Nonergodic systems are in fact characterized by the
existence of “moderate” fluctuations, ie., fluctuations whose probability is
much higher than that of “genuine” large deviations. Giving bounds for
these moderate fluctuations turns out to be harder than in the context of
Gibbs fields, and is the main technical achievement of this work.

We now give an informal description of the test for ergodicity, in the
context of continuous-time spin systems. A spin-flip system in the infinite
lattice is a Markov process with state space { —1, l}zd, d>= 1. If we denote
by 6 ={a(i): ie Z¢} an element of { —1, 1} %, the transition probability of
the spin-flip system is characterized by

Prob{o,, ,(i)= —a(i)|o,} =c(6,0,) 4t + o(4t)

for every ie Z“, where 6, is the shift map in { —1, 1} %’ defined by 6,6(j) =
o(i + j). The positive function ¢ is called the flip rate. In this paper we
assume c{-) to be a strictly positive and local function, i.e., depending only
on the spins {a(i): ie A} with A a finite subset of Z. We notice that just
by replacing Z“ by the N-torus Z4/NZ? we can define, in an analogous
way, a finite spin system. Since we assume the flip rates to be strictly
positive, it follows that the finite system is an ergodic Markov chain, while
there are many examples of nonergodic spin-flip systems on { —1, l}zd.
Just to fix ideas, assume we are dealing with a system having two
translation-invariant, ergodic equilibrium measures p, and p_, with
EP+(a(0))>0 and E?-(0(0))<0, and that the system converges to p,
(resp. p _) if initialized in a configuration ¢ with lim,(1/n) 3} a(i) >0 (resp.
<0). Of course there are configurations for which this limit is not defined,
but this is unimportant for this informal discussion. Suppose we start from
a configuration having all spins equal to +1, and that we observe the
evolution of the finite but large subsystem {o(i): |i| <n}. Due to the
random noise, there is a high probability that, within a time of order <n,
there is a square S < {|i| <n}, of volume log?n, such that the majority of
spins in S is —1. Since p_ is an “attractor” for those configurations with
most of the spins negative, there are good chances that S keeps its
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“negativity” for a certain amount of time until it “realizes” it belongs to a
larger system attracted by p, . This amount of time is presumably at least
of order log n, which is the time needed for the sites in the core of S to
become sensibly influenced by the sites in S° (due to the locality of the
interaction). To get a global picture we could say that, although the system
converges to p , , there are small, but not too small, space-time islands with
mostly negative spins.

The discussion above suggests the following strategy. Suppose we
observe the evolution of the sites in a square of volume n“ from time ¢t =0
to time ¢ =n. Our observations are therefore relative to a space-time square
of volume n“*'. We now divide this square into smaller subsquares of side
Klogn, K>0, to be properly chosen. We expect that there is at least one
of these subsquares whose average spin is negative, while the average spin
in most of the other squares is close to E?*(a(0)); in other words, a
sensible difference in the average spin of different space-time boxes is what
allows us to recognize that the system is not ergodic.

Surprisingly enough, this idea works. In general the extremal invariant
measures may be more than two, and may not be distinguishable by the
average spin, but by more complicated functionals. In all cases, however,
nonergodic systems are characterized by the fact that the empirical
averages of some functionals over space-time boxes of appropriate size is,
with high probability, sensibly varying. This allows one to design a test
to answer the following question: given ¢>0, are there two invariant
measures for the system whose distance (e.g., in Prohorov metric) is greater
that ¢? We prove that our test is asymptotically correct, i.e., the probability
of giving the wrong answer goes to zero as the size of the observed space-
time window increases to infinity, and we analyze the asymptotics of this
probability.

2. LARGE DEVIATIONS

In this section we define the continuous-time processes we will be deal-
ing with and summarize the large-deviations results proved in refs. 4 and 5.
The Markov processes we are going to define take value on { -1, l}zd, 1e.,
for any site i of the d-dimensional lattice Z“ there is an associated spin
value. The updating mechanism is specified by assigning a nonnegative
function c(i, o), defined for ie Z¢, oe { —1, I}Zd. The probability of chang-
ing the sign of the spin at the site i during a time interval of length A,
conditioned on the knowledge of the whole configuration at time ¢, is given
by

Plo,, 4li)= —afi)|a,} =c(i,o,) At + o(41)
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Moreover, spins at different sites are updated independently. In particular
the probability of changing the spin at two different sites in the same
interval [ ¢, t + 4t] is o(4t). The functions {c(i, -): i€ Z} are usually called
flip rates.

The informal definition we have just given can be made rigorous as
follows. First of all we provide { —1, l}z" with the product of the discrete
topology on X. The corresponding space of real continuous functions is
denoted by ¢({ 1, 1}7‘“'); it becomes a Banach space with the usual sup-
norm. We say that a function f: { —1, 1} %' — R is local if its dependence on
oe{—1,1}% is only through {a(i): i€ A}, where A is some finite subset of
Z¢. We denote by D the set of local functions. On D we can define the
following operator:

Lfle)= 3 cli,a)[ flo")—f(0)]

iezd

where
o'(jy=(—=1)a(})

It is proved in ref. 8 that, under the assumption

sup Y, sup le(i, ) —cli, n)| < 0 (1)

ieZ? jezd ne{-11}%

the closure of L in 4({ —1, l}zd) generates a Markov semigroup. More-
over, the corresponding Markov process is a Feller process. Notice that
condition (1) essentially says that c(i, o) does not depend too much on the
spin of sites that are far from /. We notice that (1) is satisfied when the flip
rates are translation invariant [ie., c(i,c)=c(0,0,06), where 6,0(j)=
o(i+ )] and local [ie., c(0, o) depends only on {o(i): ie A}, where A is a
finite subset of Z¢]. Only these types of models will be considered in the
rest of the paper.

We now assume c: {—1,1}% > R* is a local and strictly positive
function. As we have just seen, the operator

Lf(o)= 246(9.-0)[f(0")—f(a)]
ieZ
is the generator of a Feller semigroup. We denote by {Pg,: e {—1, 1%}
the corresponding family of conditional probability measures. In parti-
cular, for c=1, we write P, in place of P «- Notice that P, . is simply
the product measure [];.z¢Po s> Po.siy being the Markov family of a
Poisson-spin process with intensity one. For obvious reasons the process
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generated by L¢ with c=1 is cailed a noninteracting spin system. Let Q2 =
D(R, { —1, 1} %) be the space of the cadlag functions from R to { —1, 1} %,
provided with the Skorohod topology; €2 is the path space for the process.
On Q we define the family of space-time shift maps {6, ,: reR, ne Z%}
defined by

(gl‘nw)s (l) = (1)54_,(1. + n)

Definition 2.1. A probability measure Q on € is said to be
stationary if it is invariant for all the maps 6, ,,.

We denote by .#,(£2) the set of stationary measures, provided with the
weak topology. The Borel sets for this topology provide 2 with a structure
of measurable space.

In what follows we let V,={ieZ% i,=0,1,.,n—1, Vj=1,2,.,d)}.
Given w e 2 we define its n-periodic version w™" as follows:

(i) =w /(i) for 0<ti<n, ieV,

@7, i+ kn) = (i) for heZ, keZ?
where
kn=(kyn,.., kn)

For TR xZ“ we let & be the o-field of subsets of Q generated by the
projections {m,,: (t,i)eI'}, where n,,(w)=w,(i). Sometimes we will use
for #. the notation o{w,(i): (s,i)eI}. In the following definition we
denote by #(2) the set of bounded measurable functions 2 — R.

Definition 2.2. Let we QR and ¢ € #(Q2). The nth empirical process
R, ., is the element of .#,(2) whose expectations are defined as follows:

1

+1

E™e(¢) =

L) 900 ds (2)

ieVy

Notice that, in order to make R, stationary, it is essential to use the
nth-periodic version of w in (2). We also remark that the map

Q— M(2)
w—R,

18 F0,nyx v,-measurable. In the rest of the paper the o-field %, . v, will be
simply denoted by &%,.
Some more notations are now needed. We introduce on Z“ the lexico-

822/76/5-6-11
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graphic total order, and denote by < the corresponding order relation.
Consider the set

r—={(t,i)eRxZ%1<1,i<00rt<0, ie Z

and let F ~ =%-. For Qe #(Q2) we let Q_, denote the regular conditional
probability distribution (r.c.p.d.) of @ with respect to # ~. In the following

. definition dQ,/dP, ,,|% denotes the Radon-Nikodym derivative of the
indicated measures restricted to the o-field %,.

Definition 2.3. Let Qe .#(Q). The relative entropy of Q with
respect to the Markov family {P,,: &e{—1,1}%’} is defined by

40, %)} (3)

dPy .,
where H(Q) = +oo if the Radon-Nikodym derivative in (3) is not defined
or its logarithm is not in L'(Q).

H(Q) = EC {log (

In what follows, for weQ, ie Z¢ teR, we let

|,- (i) — w(i)]

[ EXE

+ 5l.wo(i)
Notice that w,(i)=(—1)"". Now suppose we fix w’' € 2. For an arbitrary
w e 2 we define

w (i) if ieV,
w,(i) otherwise

@ (i) = {

In what follows we briefly write ¢ (w,) in place of c(w™*'). The missing
index n will be clear from the context. We then consider the following
expression:

Zowt@ =exp| T [ 1= 0001 di+[ log 0,0, an | |

ieVy
By the Girsanov formula for point processes'®’ it follows that, for every o',
ERd(Z,,} =1
and the process whose law on D([0,n], {—1,1}"") is P, . defined by
AP, /APy = Z, o

is a spin process (on the finite lattice V,) with flip rates c“'(8,w), i€ Z*.
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Notice that we can repeat the same argument when o’ is not fixed, but is
a function of w. In other words, denoting by 4%, the set of all measurable
functions

D([0,n], {—1,1}") > D([0,n], {1, 1}*7)

for w' € B, we can define P;, . by

dpP<
Fo:;; ((D) = Zn.w‘(a))(w)

The main result of ref. 4 is the following large-deviation principle.

Theorem 1. Let 4 be a Borel measurable subset of .#,(£2), and
denote by 4 and A4 its interior and its closure, respectively. Then

mf H(Q)< 11m mf

d+l

mf log P; {R, €A}

1 .
<lim inf —— T inf log P§ {R, €A}

n— oo fe{—1,1}%

) 1
sllmsupnd+l sup JIOgP(cJ,i{Rn,wEA}

n— oo Eel-1.1}%

1
< lim sup —a+7 Sup log P;, . {R, €A}

n— o w' e,

—inf H(Q)
QeAd
where

HY(Q)=H(Q)- E? [1 —c(wo) — fo log c(w,-) dN,(O)]

In a large-deviation principle it is particularly relevant to determine
the zeros of the rate function H¢(-). The following is the main result con-
tained in ref. 5. We need to use the o-field ## =0{w,(i): <0} and, for a
given Qe #,(Q), we let Q7 denote its r.c.p.d. with respect to F*.

Theorem 2. For every Qe #(2) we have HY(Q)=0 and
H(Q)=01if and only if Q% = P§ ,, O-as. In other words H(Q) =0 if and
only if Q is a stationary Markovian measure generated by L°.
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The following proposition, also proved in ref 5, establishes some
properties of the rate function H¢(-) that will be used later in this paper.

Theorem 3. The rate function H: .#,(2)— R™ is lower semicon-
tinuous and has compact level sets, ie., for every />0 the set { Qe .#,(Q):
H(Q) <1} is compact in the weak topology.

We conclude this section by stating a technical result, proved in ref. 5,
that will be very useful later.

Lemma 2.4. For every neN the following inequalities hold:
0.0 .

dPO‘wo i
<sup{Z, ., (w): w'e B,}

inf{Z, ,(0) v e®B,} <

3. CRITICAL LARGE DEVIATIONS

By the results in Section 2 we know that the sequence of random
measures {R,.},.n approaches with probability 1, as n— co, the set
Ly={Qe #(2): H(Q)=0}. If the system is ergodic, then, by Theorem 2,
L, has a unique element Q*, and R, , converges weakly to Q* with proba-
bility 1. In the nonergodic case L, has more than one element, so that
{R,. .} may have more than one limit point. A more detailed knowledge of
the behavior of R, , for large n is needed in this case. In particular we want
to show that the probability that R, , is close to any element of L, does
not decrease too fast in »n. This is the most crucial fact in our ergodicity
test. The leading idea in our argument is rather standard (e.g., ref. 7), but
we could not avoid a number of nontrivial technicalities.

Let ¥, be the o-field o{w(i):i¢ V,, te[0,n]}, and denote by P, .
the rcpd. of PG ., with respect to ¥, restricted to &, which is a
measurable function of w' € D([0, n], { —1, 1} ¥2) taking value in the space
of probability measures on %,. Moreover, we denote by r an integer such
that ¢(o) depends only on (a(i): ie V,).

Lemma 3.1. For A1>0 let Pg'wo be the (noninteracting) spin system
with all flip rates equal to 4. Then

<

il —_ —1 I n o A
P}, |5, (w)=Z (") exp [ie V% ) {L [A—c*(8,w,)] dt
" Cw’(eiwt‘) .
+ L log—A—dN,(z)}]

1
n

where Z, is a normalization factor.
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Proof. Let R be the probability measure on 2 defined by

dpP§ .. n
°""°=exp[ Y {f [A—c“(8,0,)] dt
dR ieVa+ ¥, \°0

n @ d - .
+L logc—(i—w—)dN,(z)}]

By the Girsanov Theorem, R is a spin-flip system with flip rates

A if ieV,+V,
c(0,0) otherwise

&(i, a)={

Notice that R= Pg_wa in %, and that, under R, &%, and ¥, are stochastically
independent. The conclusion now easily follows. [J

In what follows m and M denote min, ¢(¢) and max, ¢(g), respec-
tively, and, for 4 c Z%,
HA)={ied:i+V, ¢ A}
Moreover, we let v,(A4, @) be the number of jumps from time t=0to t=n
of the components in A of the path w.
Lemma 3.2. Let 4,e%,, C,=4drM, and C,=log(M/m). Then,
for every w' e 2 we have

Prcz.w’(An) s P;,,.w’(An) exp[Clnd+ szn(a( Vn + Vr)a 0)’)]

Proof. By Lemma 3.1, for every >0 we have

A

dp; , dP: . 9Po,
APy o dPg. APy o

—zep| - ¥ [ - Go)d

i€d(Vy+ Vy) L70

n ' g. . .
+L 10g%d1v,(z)}]

Now we let 4 =M and we estimate Z, ,,:
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Z, ylw)= EPoiw\# [exp ( Y {Jﬂ (M —c*(8,w,)] dt

ieVo+ v, 70

")
+L 1og5—(A';’—)dN,(z)}>]

< [exp(4drMn?)] EPoes\#: exp ( Y U" [A—c¥(8,w,)] dt
0

ieV,

+ J" log o) dN (i) > = exp(4drMn?)
0 A

where the last equality follows from the Girsanov Theorem. Thus

dpP< M
dP—g:u; < exp(4drMn®) exp [(log ;) v (V, + V), w'):l

and the conclusion follows. |
The next is a technical lemma that will be used several times later.

Lemma 3.3. Let f,, f5,., fx be increasing functions N — R, and
A,, A,,.., A be finite subsets of Z¢. Moreover, for i=1,2, let c,(c) be
positive local functions such that ¢,(g) < c,(n) for every g, . Then

E" {[1 fivi(4,, w))}sE"ffc {Hf.-(v,mi, w))}

Proof. We just sketch the proof, since it comes from very standard
arguments. The main idea is to construct the basic coupling of the two spin
systems, i.e., a probability measure on 2 x  whose marginals are Pg'. and
Pg,. The basic coupling is described in ref. 8, Chapter 2. The measure on
0 x Q so constructed gives probability one to the pairs (w, @') having the
following property: for every reR and ieZ¢ if w,(i)=w/(i), then the
probability that, after time ¢, w(i) flips before w’'(i) is zero. Taking into
account that wg, = ¢ = wj, it follows that, in the time interval [0, 1], w(i)
makes less flips that w'(i) for any ie Z“. The statement of the lemma easily
follows. |

Lemma 3.4. Let Qe .#,(R2), and let 4 be an open neighborhood of
Q. Then there exists another open neighborhood B of Q such that, for
every @', " € 48, and for n large enough,

P {R,,e4} >[P . {R, ,eB) ]2 e~ "



Detecting Nonergodicity in Continuous-Time Spin Systems 1257

where
2

M
C3=2drM<2+?>+M+logm

Proof. We first consider the case wj= w{. We have
ap, . m noe )
QP (w)=exp { Y U (¢ —c“" ) dt +J0 log ?le(’)]}

ied(v, L0

< exp(2drMn?) exp l:log %4 v, (O(V,), w)]

Thus, using the Schwartz inequality and Lemma 3.3,

P; -{R,. €A} <[exp(2drMn?)]

M
X EPnuw {x{nn,we,ﬂ exp [log - va(O(V),), w)]}

< [exp(2drMn®)1[P: . {R, ,e A} ]

X <EP:,,,,- {exp [log A"{—zz v,(9( V,,)cu)]})l/2

MZ
< [exp(2drMn) ][ P . {R, € A} 1" exp (M dr — n“)

=[P , {R,.€A}]'?exp(D,n)

with Dy = drM(2 + M?/m*). Now we consider o', w” to be arbitrary
elements of 4,. In particular we let & =wj, & =wj. To emphasize the
dependence on the initial condition, for the rest of the proof we write
P;, .- ¢ rather than just P; .. We define R, , € #,(Q2) by

R,.=R

n— 1.6 pw

It is clear that there is an open set 4 — .#,(Q) containing Q such that if
R,,€4, then R, e A. We have

P:,w‘.f’{Rn.wEA} >P:.w’.f'{ﬁn.meg}
=jP§.0|_ow'.q1{REZ} P:.w’.f’(d”)

Now let

¢(’71) = P:,Ox.ow',m{ﬁn.w € Z}
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For A >0, it is easy to show that

—e %
iEng‘f,{m=aon V,,}=( )

Therefore

P:,w"g" {Rn.w € A}

1 , 1 Cw’
>J¢(r;,)exp{ Y Uo (m—c"’)dt+Jo log;dN,(i)]} Pg . (dn)

ieV,

1 —exp(—2m)\™
>[exp(—Mnd>](—M) 8(&")

= [exp(—D,n")] ¢(&")
with

D,=M+log

l _ e—Zm
On the other hand, by what we have seen in the first part of the proof

(¢ > e 2Py . (R, e )T
= e‘ZDmd[P:‘x.w" {Rn.we B} ]2
for n large, and for B a suitable open set containing Q. ||

The following result gives a lower bound for the large deviations in
special subsets of L.

Theorem 4. Let A< .#(£2) be an open set such that there exists
Qe Ly A with Q ergodic. Then

inf  Pg(R,,e4}> infl P; (R, ,ed}>e "

fe{-1.1}2 w' € B,
for n large enough and C,=C,+ 1.

Proof. The first inequality comes from Lemma 24. Let w' € 4,. By
Lemma 3.4 there is B open, Q€ B, such that

P;.w'{Rn.wEA} Zg—Can"[ sup P:.w"{Rn.wEB}]z

w" € By
e O"[EQ(P; , {R,.€B}}]?

=e—C3nd[Q{R"‘weB} ]2>e—C,md



Detecting Nonergodicity in Continuous-Time Spin Systems 1259

for n large enough, where we have used again Lemma 2.4, the fact that Q
is ergodic, and that, by Theorem 2, Q7 = Pg ]

0,wp"

Corollary 3.5. Let 4 be as in Theorem 4. Then for every ' € Q
and n sufficiently large

—cn?d, — 4
ch,..w' {R,,‘mGA} >e Cn e Crvg( (Vi + Vi)w') (4)

Proof. 1t follows from Theorem 4 and Lemma 3.2. |

Remark 3.6. The constants C, C, that make (4) true are of course
not optimal, ie., one could find smaller values for them keeping (4) true.
All we wanted to show is that one can determine constants that are simple
explicit functions of M, m, d, r. The estimate (4) is the key fact in the
ergodicity test we develop in the next section.

4. THE ERGODICITY TEST

In this section we develop a test to determine whether the spin system
with generator L¢ has a unique translation-invariant stationary measure.
By Theorem 2 this is equivalent to determining whether L, has a unique
element.

The method shown here consists in computing moving averages of a
single realization. For /< n we consider the set of empirical measures

4, (@)={Ry4 0 (. 1) €ZXZ (1, i) +([0,I]x V)<= [0,n]x V,}

Notice that 4, ,(w) = .#,(22). We want to show that, if /=1/(n) depends on
n in a suitable way, then the convex hull of 4, ,,(w), denoted by
€(4, n{w)), approaches L,. To be more precise, let d(-,-) be the
Prohorov metric on .#(2) and, for 4, Bc .#(Q), let

d(A4, B) =max{sup d(P, B), sup d(Q, 4)}

Ped QeB

where d(P, B)=ianE,3d(P, Q). We want to find conditions on /(n) for
which, for any 6 >0,

Slép Pg_é{w: d(4(4,. m{w)), Ly) >3} = f(n, d)

goes to zero as n — oo, and we also determine an asymptotic upper bound
for f(n, 8). The proof is divided into two propositions.
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Proposition 4.1. Let /(n) be such that

. log n
Jm T

Then for every é >0 there exists k(d) > 0 such that

Pi {w: max d(R, Ly)> 0} <exp[ —k(d)I9*'(n)]

R e dy n(w)

Proof. Define
A,;={w: max d(R,Ly) >3}

Re d, jnfw)
and
2k(8) = inf{ HY(Q): d(Q, L,) > 6}

Since H¢ is ls.c. and has compact level sets, we have k(d)>0. By the
uniform upper bound for the large deviations (Theorem 1) there exists a
sequence «, such that o, —» 0 as /> oo and

PG Ad(R 6, 105 Lo) > 0} Sexp{ —19*'[2k(6) —a,]}
<expl[ —3k(8) 1+
for I sufficiently large. Therefore, for n large enough we have

Pa.{(An.é) S Z P(c)f{d( Rl(n).ﬁr,;w’ LO) > 5}
d+1 3 d+1
<n exp[—ik(é)l (n)]

N 3 log n?
=exp{—ld '(n) [Ek(é)—m:l}
<exp[ —k(8) 177 (n)]

where the sum in the first line is over the pairs (z, i) e Z x Z¢ for which
(Ta l)+([09 I(n)]x Vl(n))c[os n]XVn' l

Remark 4.2. The meaning of Proposition 4.1 is that for the empiri-
cal measures in 4,4, not to fall outside L, /(n) must be sufficiently
large, namely larger than ~log!/“+" n. If I(n) is too small, then one is
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likely to observe “deviations” outside L,. Indeed, the same argument
of Proposition 4.1 (see ref. 3, Theorem 3.1) allows one to show that if
lim inf (log n)/I¢*(n) = ¢ >0, then

lim Pg,{ max d(R,L,)>d}=0

n—+ oo R e 4y 4n)
for every 6 >0, where L,={Q: H(Q) <t}.

Proposition 4.3. Let /(n) be such that

log(nd+ 1)

—_—
1%n) D+e

lim inf

for some £>0, and for D = C+ 4rdM(1 —e~*), where r, M, C, C, are the
constants introduced in Section 3. Then for every 0 >0 and » sufficiently
large we have

eld(n)
P o IQnsalf) d(Q, €(4, yn(w)))>38} <exp I:— F’Tn)]

Proof. First we observe that, being compact, L, can be covered by
a finite number of balls of radius /2. It is therefore enough to show that

F ] eel”(n)
PG {d(Q, €(4, 1m)) >5} <exp [— l"+—'(n)]

for every Qe L,. Now let us denote by L; the set of ergodic measures in
L,; by the Ergodic Decomposition Theorem L, is the convex hull of Lj.
Thus, using the fact that for P, P’, Q, ' € #,(2) and 0 <a <1

d(aP+(1—a) P,aQ+ (1 —a) Q') <max[d(P, Q),d(P', Q')]

all we have to show is that, for every Q in Lg,

S es/d(n)
P:)uf {d(Q, A"'[(")) >§} <exp [— [_JT:I

n)

Now let @, be the sublattice of Z?*+" of those points whose coordinates are
multiples of /(n), and

C,={(r,i)€04: (1, )+ [0, (n)] x Vi, [0, n] x V,}
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Clearly

{CU: d( Q’ An.l(n)) > 6/2} < n {(D: d( Q’ RI(n).H,.,'w) > 5/2}

(r.iYe C,
Let W, be the square i+ V,,,, and

W,

ni

{_]G Wn,i: .]+ I/rC Wn.i}

Notice that { W, :iel(n) Z9} are disjoint squares separated by corridors
of size 2r. We also denote by R}, 4, ,., the empirical measure referred to the
“rectangle” [1, v+ {(n)] x W, ,, with the usual periodic boundary condi-
tions. For n large and for every Q we have

{d(Q, Ry.6,.0) > 6/2} 2 {d(Q, Rify 5..0) > 6/3)}
>{d(Q, Ryn0,.0) > 6/4} (5)
Thus

ch{d(Q, An.l{n)) > 5/2}

> P, [ 0 Q. Rimo,)> 5/3}]

(r.iYe Cy

=E”5-~‘[ [T P4, 040 R',(,,,_w,)><5/3}]

(t.i)e Cp

=Epa.:[ [1 (1-Pg,, {d0Q. R,(n)w)<6/4}] (4)

(r,iYe Cy

where we have used Lemma 3.1 and (5). By Corollary 3.5

(A)sEPsf[ I1 (1—e"C"""’e-sznn»w‘VWV"“’""“’)]=(B) (6)

(1.i)e Cy

Now let C, , be the subset of C, made of those pairs (7, i} such that r =0.
By the Markov property and Lemma 3.3

|Cal/ICn.0l
3 —cd o .
(B)< [Sl;p EFo: l: [T (1—e Mg~ C2umt@Vim+ V’)'g°"w)):|:|

(0,i) e Cno

1Cal/ICr0l
< |:sup EP&'L- l: l_[ (1— o= Clén) = CoavmlB( Vim + V,).90.iw))]]
3

(0, e Cpo
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On the other hand,

EPS.’: I: H (1 — e—C/"(")e*Cz\‘nn)(@( Vim + V,).Oo.iw)):l

(0,1)e Cho

= H E"’g,’:(l — e—C"'(")eC‘zv/(n)(t’( Vigy + V,>.00,,w))
(0.7/)e Cpo

= l_[ [1 — e"C’d(")EPg:(eCZ"I(n)(?( Vi + Vr)-eo..w))]
(0,i)e Cno
= [1 _e-D/"(n)]IC,.,ol

<exp[—e 2 |C, 4]
Thus

Pg {w: d(Q, 4, 4,) >6/2)

<exp[ —|C,| e~ 2]

<exp {— iﬂﬁexp[]og nd+! —Dl"(n)]}

eeld(n)

Id+ l(n)
Propositions 4.1 and 4.3 yield the main result of this paper.
Theorem 5. Let /(n) be such that

(d+1)logn _

lim =D+¢ (1)

n— oo l'j(n)
for some ¢ > 0. Then, for n large enough,

sup  Pg {1 d(€(4,, (@), Lo) > 8} < 2e =K
se{—1.1}

where k(J) is the constant introduced in Proposition 4.1.

Proof. Just observe that, for every ¢ > 0, one can take n large enough
so that

ecldm)

[d+l(n)

Remark 4.4. In Theorem 5 the condition on /(n) is explicit, since



1264 Dai Pra

the constant D is actually computable. The constant k{J), however, is not
computable in practice, although we know it is strictly positive.

Remark 4.5. When the system is reversible with respect to a Gibbs
measure, one may ask how much information is gained using the whole
path rather than sampling at a fixed large time ¢ and using Comets’ argu-
ment. The answer to this question would consist in analyzing the constant
k(8) appearing in Theorem 5 and comparing it with the corresponding
constant in Comets’ paper. Such an analysis requires a detailed knowledge
of the rate functions, which may be available only in some special model.

Remark 4.6. A suitable version of Theorem 5 indeed holds even if
we replace €(4,, 1) by 4, 4 itself. The reason why we have considered
the convex hull of 4, ,,, is that we have proved the lower bound in
Theorem 4 only for open sets A containing ergodic measures in L.
Actually, it is possible to prove Theorem 4 for every open set 4 having
nonempty intersection with L, and the price to pay is that the constant C
depends on A.

We have chosen not to give such proofs for three reasons. The first is
that, although the argument to extend Theorem 4 is standard (see e.g,
ref. 6), the details in our model are rather technical. Second, in condition
(7), the constant D would be an unknown function of d, so the condition
on I(n) is no longer explicit. This could be fixed by choosing /n) such that

i logn

1’1111 __I"(n)= + o0

. logn
ll’I,Tl Id+l(n) -

but in this way we would get a worse rate of convergence in Theorem 5.
Finally, if we know that 4, ,,, spreads out in a set of diameter >r (or,
conversely, concentrates in a set of diameter <r), then the same is true
for its convex hull. The information on ergodicity we wanted to detect is
therefore contained in 4, -

In particular the following result is an easy consequence of Theorems
5 and 2.

Corollary 4.7. Letf:{—1,1}% —R be a continuous function, and
I(n) be as in Theorem 5. Define

1‘,{(60) = [a,,(a)), bn(w)]
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where
a,(w) =inf{ ER(f(w})): Re 4, yn(w)}
b,(w) =sup{ EX(f(w})): Re 4, 4, ()}
and
F=[a,b]
with

a=inf{ E*(f): 4 is an invariant measure for L}

b =sup{ E*(f): u is an invariant measure for L}

Then, for every 6 >0 there is k > 0, depending on J and f, such that

sup P§ {w: dist(I(w), I/) > 8} e H*"'m
¢

where dist(-, -) denotes the usual distance between subsets of R.
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